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On the Use of the lo -Sinh Window 
fax Spectrum Analysis 

JAMES F: KAISER AND RONALD W. SCHAFER 

Abstract-Closed form expressions for main-lobe width, modified 
main-lobe width, and relative sidelobe amplitude are given for the 10- 
sinh window function. These formulas facilitate exploring the tradeoff 
between record length, spectral resolution, and leakage in digital spec- 
trum analysis. An especially simple empirical approximation relating 
main-lobe width and relative sideiobe amplitude is given. 

Timelimiting windows are used in the design of finite- 
duration impulse response (FIR) digital filters and in the esti- 
‘mation of Fourier spectra from finite length segments of data. 
In both cases, the window must be limited in duration in the 
lime domain and must also have most of its energy cancen- 
trated at low frequencies in its Fourier transform. The prolate 
spheroidal wave functions have been shown to provide the 
greatest concentration of energy at low frequency f 1 ] Because 
of the difficulty of computing the prolate function, however, a 
much simpler approximation using the zeroth-urder modified 
Bessel function of the first kind was suggested [ 2 ]  . The se- 
sulting window, which is also known as the Kaiser window 
[4 ]  4 6 1 ,  is defined as 

The Fourier transform of w&) is given [ 21 by 

( 2 ~ s i n h  [a& - (o/o,)~] 

1 

where a = c$,,T. 

The pruperties of this window function were carefully studied 
in the context of the filter design problem, and design formu- 
las were given that accurately predict the value of a and the 
window duration 2r required to achieve a prescribed transitiun 
region and approximation error for frequency selective filter 
design [ 31 . Because of the availability of these formulas, the 
lo-sinh window is now very widely used in FIR digital -filter 
design by the window method. 
h the filter design problem, it is the properties of the con- 

volution of W , ( u )  with a step function that are of concern, 
whereas in the spectrum analysis problem, it is the properties 
of Wa(u) itself that are of interest. Therefore, the formulas 
given in [ 31 are not appropriate for spectrum analysis and sim- 
ilar applications, where the major properties in the frequency 
domain are the width of the “main lobe” of W J o )  (instead of 
the transitiun region width at a discontinuity) and the relative 
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Fig. 1. A typical Fourier transform of an 10-sinh window showing pa- 
rameters defined in text (shown for 01 = 8.0, r = 1.0). 

sidelobe amplitude (instead of the approximation error). Since 
the Xo-sinh window provides great flexibility through the pa- 
rameter a! and since it is straightforward to compute using a 
simple Fortran subroutine [ 31 , there is good reason to suggest 
that this window should be the window of choice for spectrum 
analysis as well. Therefore, the purpose of  this corxespon- 
dence is to provide formulas for the spectral parameters of 
the Io-sinh window that will be useful for spectrum analysis 
applicatians. 

Fig. 1 shows a typical Fourier transform of an Io-sinh win- 
dow (for a = 8.0, 7 = 1 .@. The important parameters are the 
width of the main lobe A f ,  which determines the ability to re- 
solve adjacent spectral Lines, and the ratio R of the maximum 
sidelobe amplitude relative to the main-lobe amplitude ex-. 
pressed in dB. This ratio determines the “leakage” or interac- 
tion between spectral lines. Because there is a closed-form 
expression for W , ( o ) ,  it is relatively easy to obtain formulas 
for these parameters as functions of a and 7. 

The width A f  of the main lobe is defined here as the sym- 
metric distance between the two central zero crossings (those 
closest to the origin (u = 0)). The halfwidth fl of the main 
lobe is easily shown to be 

It is not surprising that the main-lobe width i s inversel! y pro- 
portional to the window duration 7. To find the relative side- 
lobe amplitude, it is only necessary to locate the first extremum 
of W ( u )  past the first zero crossing. It can be  shown that this 
extremum occurs at the frequency 

where 8, is the smallest solution of 8, = tan 8, and is thus 

The modified main-lobe width is defined as twice the fre- 
quency f i  , where the transform (2) has the value equal to the 
magnitude of the first sidelobe; f f  is given by 

8, = 4.4934095. 

where 6 2  = 2.5535658 is the solution of sin O 2  = 02 COS 8,. 
The frequency fa is defined as fa = 13,/(2n) and is the fre- 

quency at which the behavior of W&) changes from (sinh 
X/X) in form to (sin x/x) in form. The special frequency values ’ 

f~ f~ and fr are always greater than fa (as is clearly shown 
later in Fig, 3). 
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Fig. 2. a versus relative sidelobe loss R for the 10-sinh window. Fig. 3. Normalized mah-lobe halfwidth ~ f l ,  modified main-lobe half- 
width, Tfz extremum location 7fy,  and transition location Tfa, versus 
sidelobe loss R for the 10-sinh window. 

The relative sidelobe amplitude is defined as 

From (2) it follows that 

sinh 
= 20 1QgIo = 20 logxo 

Q1 cos 8, 0.21 7234 QI 

Equations (3) and (7 )  represent the frequency domain proper- 
ties Af and R in terms of the window parameters T and a. 
These formulas hold for the analog window w,(f) in ( 1) and its 
Fourier transform given by (2). For digital spectrum analysis, 
the Io-sinh window can be sampled to obtain 

w(n)  = w,(nT) =j 
where ND = TIT, The quantity ND is related t o  the window 
duration in samples as Nc = (N - 1)/2. Since the Io -sinh win- 
dow by its very nature has a bandlimited Fourier transform, it 
is reasonable t o  expect that, except for small N o  or small 0 ,  
the effect of aliasing will be small and thus (3) and (7) can be 
expected to hold for the Fourier transform of the sequence 
w(n).  To design a digital spectrum analysis window, formulas 
for N and a as functions of A f and R are required. Using ( 3 )  
it follows that 

N =  @ T Z + l .  
A f T n  

Equation (9 )  gives the window duration in terms of the nor- 
malized main-lobe width Af T and the parameter a. Equation 
(7) gives R in terms of a in a simple closed form; however, a 
closed-form expression for a in terms of R is preferred for the 
design of spectrum analysis windows, But this requires the so- 
lution of the transcendental equation (7). A graph of this 
functional relationship is given in Fig. 2. A least squares ap- 
proximation to 0 as a function of R leads to a more useful re- 
sult. Such an approximation can be obtained by substituting a 
sequence of values of a into (7) to determine the correspond- 
ing values of R ,  and then obtaining a least squares €it for the 
values of a using the computed values of R as the independent 
variable. Using the form of approximation of [ 31 leads to the 
equation 

R < 13.26 

0.76609(R - 13.26)0*4 + 0.09834(R - 13.26) 

13.26 < R  < 60 
(10) 

0.1 2438(R + 6.3) 6 0 < R  < 120. 

Using values of a computed with this  formula gives windows 
with actual values of R that differ by less than 0.36 percent 
from the desired value across the range 13.26 < R < 1 20. 
Such an approximation is obviously not unique. For example, 
by restricting the range, the same form of approximation can 
produce significantly more accurate results; however, for most 
applications ( 10) is certainly adequate. 

The exact tradeoff between main-lobe width 2fl and relative 
sidelobe amplitude as defined by R can be found from (3) and 
(7)' by eliminating a. However, the resulting expression is 
rather complicated and masks the relative simplicity of the 
relation. Fig. 3 shows 7 f , ,  ~ f i  , '~f-2, and 7 f ,  = cw/(27r), each 
plotted as a function of R .  Note that the relation between ~ f l  
and R is very nearly linear. An approximate empirical expres- 
sion for this relation is given by 

3(R + 12) 
Tfl = 

155 

which yields 7fi within 0.0025 error over the range of 20 < 
R < 120 dB. The actual error is shown plotted against R in 
Fig. 4 and is noted to be nearly Chebyshev in form in the range 
20 < R < 120. 

Using ND = T/T  and N = 2ND + 1 as defined previously  there 
results 

l a @  + 12) 
155 A fT 

N =  ' , +  1. 
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Equations (8), (9), (1 O), and. ( 12) are the desired design 
equations for digital spectrum analysis using the lo-sinh win- 
dow. To design a window for prescribed values of R and A f  
requires simply the computation of from (IO), the subse- 
quent computation of N using (9), and finally, the computa- 
tion of w ( n )  using the subroutine [ 3 ]  for lo [ 1 .  With these 
equations It  is no more difficult to use this window fox spec- 
trum analysis than to use one of the multitude of other win- 
dows that are commonly used [ 61. The Io-sinh window, how- 
ever, i s  much more flexible than almost all the other windows; 
and, using (1 2) and the other equations given here, it is con- 
venient to explore the tradeoffs between record length, spectral 
resolution, and leakage in digital spectrum analysis. 

~ 
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Reduction of Quantization Noise In PCM Speech Coding 

JAE S .  LTM AND ALAN V. OPPENHEIM 

quantizer can be represented conceptually in the form of 
Absrract-A new technique to reduce the effect of quantization noise ~ ; i ~ *  2 where FI.1 is a specified nonlinearity, ln the imple- 

in PCM speech coding is proposed. The procedure consists of using mentation of a nonuniform quantizer (in the form of F ~ ~ .  2) 
dither noise to ensure that the quantization errors can be modeled as the effects are additive white noise to the 
additive signal-independent noise, and then .- reducing this noise through nonlinearity F-1 .I 
the use of a noise reduction system. The procedure is illustrated with In this correspon&e we propose a system to reduce the 
examples. effects of quantization noise for general nonuniform quantiza- 

tion systems of the form of Fig. 2. The system exploits the 
I. INTRODUCTION fact that, in the system of Fig. 2, the quantization error is at 

Wide-band speech coding systems typically rely on general 
waveform coding techniques [ 1 ] , [ 2 3 ,  such as instantaneous 
quantization (PCM), for which the step size is fixed, any of a 
variety of forms of adaptive quantization, and differential 
schemes, such as delta modulation, adaptive delta modulation, 
continuously variable slope delta modulation, etc. Instanta- 
neous quantization with fixed step sizes has the advantage that 
the quantizer and coder are particularly straightforward, al- 
though as the step size increases, the quantization effects be- 
come severe. In this correspondence we propose a new tech- 

an intermediate stage as additive white signal-independenl 
noise, Recently, a number of procedures have been proposed 
and developed [ 7 ]  for the enhancement of speech degraded by 
additive uncorrelated background noise, Our procedure for 
reducing the effects of quantization then corresponds to in- 
serting a noise reduction system into the system of Fig. 2, 
as indicated in Fig. 3. The sequences x^(n) and ;(n) in the 
figure represent an estimate of x ( n )  and sin). A system similar 
to Fig. 3 was considered by Lim [ 83 with encouraging results 
in reducing the quantization noise in the context of PCM im- 
age coding. , 

Manuscript received May 31, 1979; revised September 6, 1979- This 111. EXAMPLES 
work was sponsored by the Department of the Air Farce. The views 
and conclusions contained in this document are those of the con- We illustrate the characteristics of the system of Fig. 3 
tractor and should not be interpreted as necessarily representing the through an example in which uniform quantization is assumed 
official policies, either expressed or implied, of the United -States so that the nonlinearity F [  * ]  is eliminated. The noise’reduc- 
Government. tion system used is the revised linearized maximum a poste- 

The authors are with Lincoln Laboratory, Massachusetts Institute of riuri estimation (RLMAP) speech enhancement system [ 91, 
Technology, Lexington, MA 02173. [ 101, In this system speech is modeled on a short-time basis 

Fig 1. System for decorrelating quantization errors in a uniform 
quantizer using pseudorandom noise. 

nique for seducing the effect of quantization noise in PCM 
speech coding. As described in Section 11, the procedure con- 
sists of using dither noise to ensure that the quantization er- 
rors can be modeled as additive signal-independent noise, and 
then reducing this noise through the use of any of a variety 
of noise reduction systems. The procedure is illustrated in 
Section 111. 

11, PROCEDURE FOR QUANTIZATION NOISE REDUCTION 
For linear quantization, in which the step sizes are fixed and 

equal, if the input signal fluctuates sufficiently and if the 
quantization step size is small enough, the quantization error 
can be modeled. as additive uniformly- distributed white noise 
that is statistically uncorrelated with the signal [ 31. ‘When the 
step size becomes sufficiently large, the quantization error be- 
comes signal dependent. For such cases, however, it is well 
known [ 4 1 -[ 61 that through the use of “dither” noise, as il- 
lustrated in Fig. l ,  the quantization error can be replaced by 
white noise which is uniformly distributed and statistically in- 
dependent of the signal, In this system, z ( n )  is a pseudo- 
random uniformly-distributed white-noise sequence, with the 
probability density function 

I A A 
2 - 2  P,( ,>(z)  = n for - - < z < -  

0 otherwise (1) 

where A is the quantizer step size. A similar technique [ 43 has 
been used in image processing to remove the contouring effect 
evident in uniform image quantization. 

For nonuniform fixed quantization with dither noise the 
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